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In the preceding chapter, we have seen that the tools 

of Fourier analysis is extremely useful in the study of 

many problems of practical importance involving 

signals and LTI systems.

The generalization of the continuous-time Fourier 

transform is known as the Laplace transform.

As we will see, the Laplace transform has many of the 

properties that make Fourier analysis so useful.

Introduction:
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The Laplace transform of a general signal x(t) is defined as

And the inverse laplace transform for X(s) is given by

The above equations are referred as the Laplace transform pair.
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5.1  The Laplace Transform:
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If s =jω (σ = 0) the Laplace transform of x(t) becomes

which corresponds to the Fourier transform of x(t).

Relationship between Fourier and Laplace Transforms:




−

−= dtetxjX tj )()(

})({)(         

)()()( )(

ttjt

tjst

etxFdteetx

dtetxdtetxsX





−



−

−−



−

+−



−

−

==

==





tetx

tx

−)( of ansformFourier tr the

is )( of  transformLaplace The

Laplace Transform Dr Abdel-Rahman Al Qawasmi



5

The Laplace transform of a general signal x(t) is

In general, the range of values of s for which the integral in the 
above equation converges is referred to as the region of 
convergence (ROC) of the Laplace transform.

X(s) can be converged for certain values of s even if the 
Fourier transform does not exist, because of the effect of the 
real exponential.

Region of Convergence (ROC):




−

−= dtetxsX st)()(

Laplace Transform Dr Abdel-Rahman Al Qawasmi



Find the Laplace transform for the exponential signal

Example:

6

Solution:
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For the above example, the ROC is shown in figures below:
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Fig. a

0a
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Fig. b

We note that the F.T. for the signal in Fig.a exists because the jω included in the

ROC, but for the signal in Fig.b the F.T. does not exist
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Find the Laplace transform for the unit step function

Example:

8

Solution:
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Find the Laplace transform for the exponential signal

Example:

9

Solution:
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For the above example, the ROC is shown in figures below:
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Fig. c
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Fig. d

We note that the F.T. for the signal in Fig.d exists because the jω included in the

ROC, but for the signal in Fig.c the F.T. does not exist
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Find the Laplace transform for the unit impulse function

Example:

11

Solution:
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Let the Laplace transform of a signal x(t) be a rational function in s, 
that is

where B(s) and A(s) are M-th and N-th order polynomials.

• The M roots of numerator B(s) are called the zeros of the L.T.
• The N roots of denominator A(s) are called the poles of the L.T.

• “x” is used to indicate poles and “o” is used to indicate zeros.

• The rational B(s)/A(s) is unbounded for the poles of the L.T.      
Therefore, the poles of B(s)/A(s) lie outside the ROC, the zeros
may lie inside or outside the ROC.

Pole / Zero Diagram:
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Find the Laplace transform of the signal

Solution:

Example:

batuetuetx btat += −−      ,   )()()(

  ),max(Re     ,  
))((

211
)( bas

bsas

bas

bsas
sX −−

++

++
=

+
+

+
=

a− 

0 ab

 ο

2

)( ba +−

j

ROC

b−



The poles at s = -a and s = -b

The zero at s = -(a+b)/2

There is additional zero when s→∞
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Find the Laplace transform for the causal sinusoid

Solution:

Example:
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Find the Laplace transform for the causal sinusoid

Solution:

Example:
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• If x(t) is a right sided signal [ x(t)=0, t < t1] and X(s) is 

converges for some value of s, then the ROC must be of 

the form

Where           is the maximum real part of any of the poles.

5.2  ROC Properties:
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Find the Laplace transform for the signal

Solution:

Example: (Right-sided signal)
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• If x(t) is a left sided signal [ x(t)=0, t > t2] and X(s) is 

converges for some value of s, then the ROC must be of 

the form

Where           is the minimum real part of any of the poles.
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Find the Laplace transform for the signal

Solution:

Example: (Left-sided signal)
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• If x(t) is a finite duration signal and X(s) is converges for 

some value of s, then the ROC must be of the form

Example:
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• If x(t) is a two sided signal and X(s) is converges for some 

value of s, then the ROC must be of the form

Where                     are the real parts of two of the poles.
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Find the Laplace transform for the signal

Solution:

Example: (Two-sided signal)
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Solution:

Example: (Two-sided signal)
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The inverse laplace transform for X(s) is given by

The above integral can be used to find the inverse Laplace 
transform using the theory of complex variables. However, for 
a Laplace transform, whose algebraic form is a rational 
fraction, a much simpler technique based upon partial fraction 
expansion can be used.
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5.3  The Inverse Laplace Transform:
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Solution: (Partial-fraction expansion)

To find A and B:

Example: Find x(t) for
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Solution: (continued)

There are three possible forms of ROC
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Case(1): If the ROC is                     then x(t) must be right sided   1− se
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Case(2): If the ROC is                     then x(t) must be left sided   3− se
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Case(3): If the ROC is                             then x(t) must be two sided   13 −− se
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Solution: (continued)

Laplace Transform Dr Abdel-Rahman Al Qawasmi



32

Solution:

By division

Partial-fraction expansion

Find A and B:

Example: Find x(t) for

ss

s
sX

2

2
)(

2

2

+

−
=

1)2()22()2(22let   

1)0()20(20let   

−=−++−=−−−=

−=++=−=

BBAs

ABAs

2  and   0at  poles          ,  
2

11
1)( -ss

ss
sX ==

+
−−=

22

2

2

1

2
2

2

2

−−

+

−
+

s

ss

s
ss

ss

s
sX

2

22
1)(

2 +

−−
+=

)2(

)2(

22

22
2 +

++
=

+
+=

+

−−

ss

BssA

s

B

s

A

ss

s

BssAs ++=−− )2(22

Laplace Transform Dr Abdel-Rahman Al Qawasmi



33

Solution: (continued)

There are three possible forms of ROC
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Case(1): If the ROC is                     then x(t) must be right sided   0 se

Solution: (continued)
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5.4  Properties of the Laplace Transform:

35

The Laplace transform properties closely parallel for the Fourier

Transform, as might be expected, since the Laplace transform can be

viewed as the Fourier of the signal

The Laplace transform pair can be denoted as

or

where denotes the Laplace transform operation
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1. Linearity:

Example:
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2. Time Shifting:

Example:
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3. Modulation (Frequency Shifting):

Examples:
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4. Time / Frequency Scaling:

Example:

Consequence:

Example:
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5. Differentiation and Integration:

Example:

40

0}{ containing ROC       with)(
1

)(      and

  containing ROCith          w)(
)(

then      

ROCith          w)()(      If

⎯→

⎯→

=⎯→


−

seRsX
s

dx

RssX
dt

tdx

RsXtx

L

t

L

L



0}{       
)4(

1
)(         

4}{       
4

1
)]([         

t

-

4

4


+

⎯→−

−
+

⎯→−


−

−

se
ss

dttueb

se
s

stue
dt

d
a

Lt

Lt

Laplace Transform Dr Abdel-Rahman Al Qawasmi



6. Convolution of Signals:

Example:

41
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5.5  The System Function of LTI Systems:

• The output of the LTI system is given by:

• according to convolution property (F.T. properties)

• where H(s) is called the system function or (transfer 
function) of the system
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Example: Find the output of the LTI system with
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Example: Find the step response for the LTI system with
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Causality and Stability of LTI Systems:

• The ROC associated with the system function for causal 
system is a right-half plane.

• An LTI system is stable if and only if the ROC of its system 
function H(s) includes the entire jω-axis.

• A causal system with rational system function H(s) is stable if 
and only if all of the poles of H(s) lie in the left-half of the s-
plane (i.e, all of the poles have negative real parts).

• Example: the following system is causal and stable
j

1− 3−
 
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Cascade Connection:

)(1 th )(2 th )(thN

)(tx )(ty

)(1 sH )(2 sH )(sH N

)(sX )(sY

The total impulse response of N-cascade systems is:

and the frequency response of N-cascade systems is:

)(    )()()( 21 thththth N=

)(    )()()( 21 sHsHsHsH N=
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Parallel Connection:

The frequency response of two parallel systems is:

)()()( 21 sHsHsH +=

+

)(1 sH

)(2 sH

)(sX )(sY
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Feedback Connection:

The frequency response (transfer function) of this system is:

)()(1

)(
)(

sGsF

sF
sH

−
=

)(sF

)(sG

)(sX )(sY+
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Inverse Systems:

Example:

)()()( tthth I =

)(

1
)(              1)()(

sH
sHsHsH II ==

)(th )(thI

)(tx )(ty )(tx

)(sH )(sH I

)(sX )(sY )(sX

2

3
)(then   
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2
)(      If

+

+
=

+

+
=

s

s
sH

s

s
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I
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In general: (Differentiation)

Example: Find the transfer function of the following system

Solution:
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END of Ch.5
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